In this paper, we study Euclidean and Hermitian self-dual abelian codes in 
Introduction
Algebraically structured and self-dual codes are important families of linear codes that have been extensively studied for both theoretical and practical reasons (see [1] , [9] , [10] , [11] , [16] , [19] and references therein). Codes over finite rings have been interesting since it was proven that some binary non-linear 5 codes, such as the Kerdock, Preparata, and Goethal codes are the Gray images of linear codes over Z 4 [8] . Algebraically structured codes such as cyclic, constacyclic, and abelian codes have extensively been studied over Z p r , Galois rings, and finite chain rings in general (see [5] , [15] , and references therein).
The characterization and enumeration of Euclidean self-dual cyclic codes 10 over finite fields have been established in [9] and generalized to Euclidean and Hermitian self-dual abelian codes over finite fields in [10] and [11] , respectively.
Over some finite rings, a characterization of self-dual cyclic, constacyclic and abelian codes has been done (see, for example, [1] , [5] , [13] , [14] , [18] , and [19] ).
In [1] , the enumeration of Euclidean self-dual simple root cyclic codes over finite 15 chain rings has been discussed. However, in the literature, not much work has been done for the enumerations of Euclidean self-dual repeated root cyclic codes, Euclidean self-dual abelian codes, and Hermitian self-dual codes over rings.
In this paper, we focus on abelian codes over Galois rings GR(p r , s), i.e., ideals in the group ring GR(p r , s) [G] of an abelian group G over a Galios ring 20 GR(p r , s). Specifically, we study Euclidean and Hermitian self-dual abelian codes in GR(p r , s) [G] . We characterize such self-dual codes and determine necessary and sufficient conditions for the existence of a Euclidean self-dual abelian code or a Hermitian self-dual abelian code in GR(p r , s) [G] . We give formulas for both the numbers of Euclidean and Hermitian self-dual abelian codes in 25 GR(p r , s) [G] . However, the formulas contain terms which have not been well studied. Under the restriction i) gcd(|G|, p) = 1; or ii) r = 2 and the Sylow p-subgroup of G is cyclic, the numbers of such self-dual abelian codes in GR(p r , s) [G] are explicitly determined.
We note that the Hermitian duality is meaningful only when s is even. Since 30 we study Euclidean and Hermitian self-dual codes in parallel, the assumption that s is even is included whenever we refer to the Hermitian duality.
The paper is organized as follows. In Section 2, we recall and prove some basic results for group rings, abelian codes, and their duals. In Section 3, we present the characterizations and a general set up for the enumerations of Euclidean self-dual and Hermitian self-dual abelian codes in GR(p r , s) [G] . In Section 4, complete enumerations of Euclidean and Hermitian self-dual abelian codes in GR(p r , s) [G] are given in the special cases where i) gcd(p, |G|) = 1;
and ii) r = 2 and the Sylow p-subgroup of G is cyclic. A conclusion is given in Section 5. 
Preliminaries
In this section, we recall some definitions and basic properties of abelian codes and prove some results on their Euclidean and Hermitian duals.
Abelian Codes
For a finite commutative ring R with identity and a finite abelian group G, 
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An abelian code in R[G] is defined to be an ideal of R [G] . If G is cyclic, this code becomes a cyclic code. For this case, an abelian code will be referred to as a cyclic code. It is well known that cyclic codes of length n over R can also be regarded as ideals in the quotient polynomial ring R[X]/ X n − 1 .
From now on, we focus on the case where the ring is a Galois ring GR(p r , s), a Galois extension of degree s of an integer residue ring Z p r . Let ξ be an element in GR(p r , s) that generates a Teichmüller set T s of GR(p r , s). In other words,
Then every element in GR(p r , s) has a unique p-adic expansion of the form
where α i ∈ T s for all i = 0, 1, . . . , r−1. If s is even, let¯denote the automorphism on GR(p r , s) defined by
For more details concerning Galois rings, we refer the reader to [20] .
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Assume that G is decomposed as G = A ⊕ P , where P is the Sylow p-
where α b (Y ) = a∈A α a+b Y a ∈ R, is a well-known ring isomorphism. 
where C ⊥E is the dual of C with respect to the form
Define an involution on R to be the GR(p r , s)-module homomorphism that fixes GR(p r , s) and sends Y a to Y −a for all a ∈ A. An abelian code D in
is the dual of D with respect to the form
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In addition, if s is even, an abelian code C in GR(p r , s)[G] is said to be 
Define an involution on R to be the GR(p r , s)-module homomorphism that sends α to α for all α ∈ GR(p r , s) and sends Y a to Y −a for all a ∈ A. An abelian Similar to the finite field case, the following relations among the above forms can be verified using arguments similar to those in [10, Proposition 2.4] and [11,
. Then the following statements hold.
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The next corollary follows. 
In particular, C is Hermitian self-dual if and only if
Therefore, to study Euclidean and Hermitian self-dual abelian codes in
, it is sufficient to consider -self-dual and ∼-self-dual abelian codes in R[P ], respectively.
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We aim to characterize and enumerate Euclidean and Hermitian self-dual cyclic and abelian codes over Galois rings. For convenience, we fix the following notations.
• N C(GR(p r , s), n) -the number of cyclic codes of length n over GR(p r , s),
• N EC(GR(p r , s), n) -the number of Euclidean self-dual cyclic codes of length n over GR(p r , s),
• N HC(GR(p r , s), n) -the number of Hermitian self-dual cyclic codes of length n over GR(p r , s), 
Decomposition and Dualities
Recall that p represents a prime number, s is a positive integer, and A is a finite abelian group with gcd(p, |A|) = 1.
For positive integers i, j with gcd(i, j) = 1, let ord i (j) denote the multiplicative order of j modulo i. For a ∈ A, denote by ord(a) the additive order of a in A.
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For each a ∈ A, a p s -cyclotomic class of A containing a, denoted by S p s (a), is defined to be the set
where
If s is even, a p s -cyclotomic class S p s (a) is said to be of type 
Assume that A has cardinality m and exponent M . By the Fundamental Theorem of finite abelian groups, A can be written as a direct product of finite
where the sum is a rational sum.
Let µ be the order of p s modulo M . Denote by ζ a primitive M th root
Moreover, if S p s (h) has cardinality ν, then it is not difficult to verify thatc h is contained in a subring of GR(p r , sµ) which is isomorphic to GR(p r , sν). classes of A of types I − III, we have
where 
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It follows that
Therefore, by Lemma 2.1, every abelian code in
written in the form
and
The Euclidean dual of C in (E3) can be viewed to be of the form
The detailed justification for (E4) is provided in Appendix A.1.
Hermitian Case
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In the case where s is even, we consider the other rearrangement of the decomposition of R in terms of the p s -cyclotomic classes of A of types II ′ and 
Consequently,
and, by Lemma 2.1, every abelian code in
Then the Hermitian dual of C in (H3) has the form
The detailed discussion for (H4) is provided in Appendix A.2.
Self-Dual Abelian Codes in GR(p r , s)[G]
In this section, we characterize and enumerate Euclidean and Hermitian by general results for the enumeration of such self-dual codes. However, the enumeration formulas involve some unknown terms. The complete enumeration in some cases will be provided in the next section.
The Existence of Self-Dual Abelian Codes
The characterizations of Euclidean and Hermitian self-dual abelian codes in
are given as follows.
From (E3) and (E4), we conclude the next proposition. ii) V j is Hermitian self-dual for all j = 1, 2, . . . , t II , and
The next proposition follows immediately from (H3) and (H4). Proof. Assume that G is decomposed as G = A ⊕ P , where p ∤ |A| and P is the
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Sylow p-subgroup of G of order p a , where a ≥ 0.
From (E3), assume that the code Hence, r is even, or p = 2 and a ≥ 1.
For
We prove that C is Euclidean self-dual. By Proposition 3.1, it is sufficient to show that
is Euclidean self-dual and
is Hermitian self-dual for all j = 1, 2 . . . , t II .
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Let u = 2
in U , where e, e ′ , f , and f ′ are in GR(2 r , s)[P ]. Since r = 2r ′ − 1 and x = −x, we have
It is not difficult to verify that
Therefore, U is Euclidean self-dual.
Using arguments similar to the above, we can see that V j is Hermitian selfdual for all j = 1, 2 . . . , t II .
For the Hermitian case, we assume that s is even. Assume that r is odd, p = 2 and |G| is even. Then P contains an element x of order 2. Let r ′ = ⌈ r 2 ⌉ and define
By arguments similar to those in the proof of the Euclidean case, we can verity that 2
is Hermitian self-dual for all j = 1, 2, . . . , t II ′ . Therefore, C is Hermitian self-dual by Proposition 3.2.
General Results for Enumeration of Self-Dual Abelian Codes
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To determine the numbers of Euclidean and Hermitian self-dual abelian codes, we need some group-theoretic and number-theoretic results. For completeness, we recall the following results. 
Lemma 3.5 ([3]). Assume that
Let q be a prime power and let j be a positive integer. The pair (j, q) is said to be oddly good if j divides q t + 1 for some odd integer t ≥ 1, and evenly good if j divides q t + 1 for some even integer t ≥ 2. It is said to be good if it is oddly good or evenly good, and bad otherwise. In the case where q is a power of 2, these notions have been introduced in [9] , [10] , and [11] . The following
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properties extend in a straightforward manner to the case where q is a power of an odd prime, and the proof is omitted.
Let χ and λ be functions defined on the pair (j, q), where j is a positive integer, as follows. The following two lemmas are extended from the case where q is a power of 2 in [10] and [11] . The readers may refer to [10, Lemma 4.5] and [11, Lemma 7] for the idea of the proofs.
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Lemma 3.6. Let A be a finite abelian group such that gcd(|A|, p) = 1 and let Without loss of generality, we assume that G = A ⊕ P , where P is a finite abelian p-group and A is a finite abelian group such that p ∤ |A|. 
In addition, if s is even, then
Proof. 
Since d runs over all divisors of M , we conclude the desired result. 
Some Special Cases
In this section, based on Theorem 3.8, we give the complete enumerations of Euclidean and Hermitian self-dual abelian codes in GR(p r , s) [G] in the cases where i) gcd(p, |G|) = 1; and ii) r = 2 and the Sylow p-subgroup of G is cyclic. For r = 1, the statement has been proven in [7] . For r ≥ 2, using notion of Conversely, assume that gcd(p, |G|) = 1. We prove by induction on t. Sine
is a direct sum of finitely many commutative special rings. Assume that GR(p r , s)[
Since n t is invertible in R i for all i = 1, 2, . . . , k, 
if r is odd. with G = {0}, and we have the following facts.
In addition, if s is even, then
N HA(GR(p r , s)[A]) =      (1 + r) d|M λ(d,p s/2 ) N A (d) 2ord d (p s ) if
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i) The number of abelian codes in GR(p r , s) is r + 1.
ii) If r is odd, then there are neither Euclidean self-dual abelian codes nor
Hermitian self-dual abelian codes in GR(p r , s).
iii) If r is even, then r r/2 GR(p r , s) is the only Euclidean self-dual abelian code and it is the only Hermitian self-dual abelian code if s is even.
300
The above results hold true for any Galois extension of GR(p r , s).
By considering P = {0} in Theorem 3.8, the result follows immediately. 
Self-Dual Abelian Codes in
In this section, we restrict our study to the case where r = 2 and P = C p a , 
If p is an odd prime, then the number of Euclidean self-dual cyclic codes of 
In addition, if s is even, then
Proof. Setting r = 2 and A a cyclic group of order m in Theorem 3.8, the exponent of A is m and Using the orthogonality in Proposition A.1, the Euclidean dual of C in (E3)
can be viewed to be of the form
A.2. Hermitian Duality
Let ψ denote the isomorphism in (H1). Then each element x ∈ R, we can Using the orthogonality in Proposition A.2, the Hermitian dual of C in (H3)
can be viewed of the form
